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In this work, we point out a superdense (meaning residual, dense and uncountable) set X0
in the Banach space of all functions f : [−1, 1] → R possessing rth continuous derivatives
(r ∈ N) such that for each function in X0 the discrete best approximation polynomials
associated with the equidistant nodes in [−1, 1] unboundedly diverge on a superdense set
in [−1, 1] of full measure.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
This work is concerned with a problem of computational interest. It is known that the best approximation of a real
continuous function is very hard to find; therefore, in the last few decades some methods for approximating the best
approximation have been developed, based on the approximation over finite sets [1–3]. More exactly, let M be a node
matrix in the interval [−1, 1] such that the nth row Jn ofM contains at least n + 1 points, n ≥ 1. Denote by C = C[−1, 1]
the Banach space of all continuous functions f : [−1, 1] → R, endowedwith the supremum norm ∥ ·∥, and letPn be the set
of all polynomials with real coefficients of degree at most n ∈ N. In accordance with [1,2] let us consider, for a given n ≥ 1,
the operator Tn = Tn(M) : C → C , that associates with every f ∈ C the unique polynomial Tnf ∈ Pn providing the discrete
best approximation of f on the finite set Jn (in the Chebyshev sense), namely
max{|f (x)− (Tnf )(x)| : x ∈ Jn} = inf{max{|f (x)− P(x)| : x ∈ Jn} : P ∈ Pn}. (1.1)
If Jn contains exactly n+1 points, it is obvious that Tnf coincides with the classical Lagrange polynomial that interpolates
f at the nodes of Jn, so we can suppose that Jn contains at least n+ 2 points. Actually, on the basis of the theorem of Charles
de la Vallée-Poussin, the essential case for studying the best approximation on finite sets is that where Jn contains n + 2
points [1,2]. For this case, Curtis Jr. [4], proved the existence of a function f0 in C such that the sequence (Tnf0)n≥1 fails to
converge uniformly on [−1, 1]. In fact, the set of all functions f in C for which the sequence (Tnf )n≥1 unboundedly diverges,
i.e. sup{∥Tn∥ : n ≥ 1} = ∞, is superdense in the Banach space (C, ∥ · ∥), [3]. We recall that a subset Y of a topological space
X is said to be superdense in X if it is residual (i.e. its complement is of first Baire category), uncountable and dense in X .
A next question in this framework consists in the topological study of the set of unbounded divergence for the discrete best
approximations Tnf , n ≥ 1, namely
UD(f ) = {x ∈ [−1, 1] : sup{|(Tnf )(x)| : n ≥ 1} = ∞}, f ∈ C .
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The aim of this work is precisely to emphasize the triple condensation of singularities referring to the family of the
discrete best approximation operators {Tn(M) : n ≥ 1} associatedwith the equidistant nodematrixMe in [−1, 1], meaning
the existence of a superdense set X0 in the Banach space of all functions f : [−1, 1] → R possessing rth continuous
derivatives (r ∈ N) such that for every f ∈ X0 the set UD(f ) is superdense in [−1, 1] and of full measure. This result is
pointed out in the third section of this work (Theorem 3.1); in order to prove it, some notions and theorems of functional
analysis and approximation theory needed are presented in the second section.
2. Basic notions and results
Denote byµ the Lebesguemeasure on the real axis and let S = S[−1, 1]be the linear space of all equivalence classes (with
respect to the equalityµ-a.e.) of measurableµ-a.e. finite functions f : [−1, 1] → R. The following statement is a particular
formof the principle of triple condensation of singularities [5, Theorem3.1].We recall that amapping B fromametric spaceX
to S is calledµ-continuous at x ∈ X if the sequence (Bxn) isµ-convergent to Bx (meaning limn µ{|Bxn−Bx| ≥ ε} = 0, ∀ε > 0)
for every sequence (xn) in X converging to x. The mapping B is calledµ-continuous on X if it is continuous at each x ∈ X , [5].
Theorem 2.1. Let X be a Banach space and let An : X → S, n ∈ N, be a sequence of µ-continuous linear operators such that
Anf ∩ C ≠ ∅, ∀f ∈ S, ∀n ∈ N.
Define
UD(f ) = {x ∈ [−1, 1] : sup{|ξn(x)| : n ∈ N} = ∞},
where f ∈ X and {ξn} = Anf ∩ C, n ∈ N. If there exists an element g0 ∈ X such that µ(UD(g0)) = 2, then there exists a
superdense set X0 in X such that for every f ∈ X0, µ(UD(f )) = 2 and UD(f ) is superdense in [−1, 1].
Remark. Note that every equivalence class in S contains at most one continuous function, so the use of {ξn} = Anf ∩ C is
consistent.
According to the considerations of the first section, let
Jn = {xkn+2, 1 ≤ k ≤ n+ 2}
be the nth row of the node matrixM, with
−1 ≤ x1n+2 < x2n+2 < · · · < xn+2n+2 ≤ 1, n ≥ 1.
Next, let σn+2 be a function of C satisfying the conditions
σn+2(xkn+2) = (−1)k, 1 ≤ k ≤ n+ 2
(for instance, σn+2 can be taken as the unique polynomial inPn+1 satisfying the above conditions). Now, theM-projections
Tnf ∈ Pn, n ≥ 1, f ∈ C , are given by [1–3]
Tnf = Ln+1f − (an+1(f )/an+1(σn+2))Ln+1σn+2 (2.1)
where an+1(g) is the leading coefficient of the Lagrange polynomial Ln+1g , which interpolates a function g ∈ C at the nodes
of Jn.
Further, given an integer r ≥ 1, denote by C r = C r [−1, 1] the Banach space of all functions f : [−1, 1] → R that are
continuous, together with their derivatives up to the order r , endowed with the norm
∥f ∥r = ∥f (r)∥ +
r−1
i=0
|f (i)(0)|;
moreover, we set C0 = C and ∥f ∥0 = ∥f ∥. For the sake of simplicity, we keep the notation Tn for the restrictions of the
operators (2.1) to the space C r .
The following theorem will be used in the third section.
Theorem 2.2. For each integer n ≥ 1, the operator Tn : C r → C given by (2.1) is linear and continuous.
Proof. The linearity of Tn follows directly from (2.1) and the properties of the Lagrange operator Ln+1. Let us prove the
continuity of Tn. By using the inequality |an+1(f )| ≤ |an+1(σn+2)| · ∥f ∥, [3], we get
∥Tnf ∥ ≤ 2Λn+2 · ∥f ∥, n ≥ 1, (2.2)
whereΛn+2 are the Lebesgue constants associated with Jn [2,3].
On the other hand, from Taylor’s formula, we derive
|f (x)| ≤
r−1
i=0
(|f (i)(0)|/i!)+ ∥f (r)∥/r!, |x| ≤ 1, r ≥ 1,
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which gives
∥f ∥ ≤ ∥f ∥r , r ≥ 0, f ∈ C r . (2.3)
The relations (2.2) and (2.3) yield ∥Tnf ∥ ≤ 2Λn+2∥f ∥r , r ≥ 0, which proves the continuity of Tn and completes the
proof. 
3. The main result
LetMe = {xkn+2 = −1 + 2(k − 1)/(n + 1) : n ≥ 1, 1 ≤ k ≤ n + 2} be the node matrix of the equidistant nodes
in the interval [−1, 1]. Given an integer r ≥ 0, let us consider the family of the operators Tn = Tn(Me) : C r → C ,
f → Tnf ∈ Pn ⊆ C , associated withMe. We are in a position to state the main result of this work, as follows.
Theorem 3.1. There exists a superdense set X0 in C r such that for every f ∈ X0, the set of pointwise unbounded divergence of the
family {Tnf : n ≥ 1}, i.e. UD(f ) = {x ∈ [−1, 1] : sup{|(Tnf )(x)| : n ≥ 1} = ∞}, is superdense in [−1, 1] and µ(UD(f )) = 2.
Proof. In order to apply Theorem 2.1, we take X = (C r , ∥ · ∥r). Denote by j the canonical embedding operator of C in S and
put
An = j ◦ Tn : C r → S, n ≥ 1.
Reasoning like in [5, Theorem 4.1] and using Theorem 2.2, it follows that An is a µ-continuous operator, for every n ≥ 1.
Remark, also, that the function ξn which appears in Theorem 2.1 is precisely Tnf , f ∈ C r , because Tnf ∈ C .
Further, let m be a positive integer such that 2m + 1 > r and denote by g0 the function in C r given by g0(x) = |x|2m+1.
Let us examine the set
UD(g0) = {x ∈ [−1, 1] : (T ∗g0)(x) = ∞},
where
(T ∗g0)(x) = sup{|(Tng0)(x)| : n ≥ 1}, x ∈ [−1, 1]. (3.1)
Firstly, we derive from (2.1)
T2ng0 = L2n+1g0 − (a2n+1(g0)/a2n+1(σ2n+2))L2n+1σ2n+2. (3.2)
Notice that L2n+1g0 is an even polynomial because g0 is an even function and the nodes of J2n inMe are symmetric with
respect to the origin. On the other hand, the degree of L2n+1g0 does not exceed 2n + 1; therefore, a2n+1(g0) = 0, which
combined with (3.2) gives
T2ng0 = L2n+1g0, n ≥ 1. (3.3)
In the work [6], Ganzburg proved the existence of a subset E ⊆ [−1, 1], with µ(E) = 2, such that for every x0 ∈ E we have
lim
n→∞
2
2n+ 1 log |g0(x0)− (L2n+1g0)(x0)| = h(x0) (3.4)
where h(x) = (1+ x) log(1+ x)+ (1− x) log(1− x), |x| < 1; see also [7].
Next, let x0 ∈ E be arbitrarily fixed (it is easily seen that E ∩ {−1, 0, 1} = ∅). By using the relations (3.1) and (3.3) we
obtain
(T ∗g0)(x0) ≥ sup{|(T2ng0)(x0)| : n ≥ 1}
= sup{|(L2n+1g0)(x0)| : n ≥ 1}. (3.5)
Taking into account that 0 < h(x) < log 2, ∀x ∈ (−1, 1), x ≠ 0, the relation (3.4) implies the existence of a positive
integer n0 = n0(x0) such that
|g0(x0)− (L2n+1g0)(x0)| > exp((2n+ 1)h(x0)/4), n ≥ n0. (3.6)
The inequality (3.6), together with
|g0(x0)− (L2n+1g0)(x0)| ≤ 1+ |(L2n+1g0)(x0)|,
leads to
|(L2n+1g0)(x0)| > exp((2n+ 1)h(x0)/4)− 1, ∀n ≥ n0. (3.7)
Now, the equality (T ∗g0)(x0) = ∞, x0 ∈ E, which follows from (3.5) and (3.7) and 0 < h(x0) < log 2, shows that the
hypothesis µ(UD(g0)) = 2 of Theorem 2.1 is satisfied, because µ(E) = 2. This completes the proof of the theorem. 
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4. Conclusions
The triple condensation of singularities regarding the discrete best approximation polynomials emphasized in
Theorem 3.1 contrasts with the classical theorem concerning the uniform convergence of the best approximation
polynomials in supremum norm on all interval [−1, 1]; see [1,2]. Nevertheless, some estimates in [8] concerning the
Lebesgue function of Lagrange interpolation on equidistant nodes suggest that the pointwise convergence at the origin
of the sequence (Tnf )n≥1 can be achieved at least for f ∈ C r , r ≥ 1; this is a target for a future work.
References
[1] N.L. Carothers, A Short Course on Approximation Theory, Bowling Green State University, USA, 1998.
[2] E.W. Cheney, W.A. Light, A Course in Approximation Theory, Amer. Math. Soc., Pacific Grove, California, 2000.
[3] A.I. Mitrea, D. Mitrea, Two-sided estimates of projection operators norm, with applications to deformablemodels, Math. Ineq. Appl. 12 (2009) 845–852.
[4] P.C. Curtis Jr., Convergence approximating polynomials, Proc. Amer. Math. Soc. 13 (1962) 385–387.
[5] S. Cobzaş, I. Muntean, Superdense a.e. unbounded divergence of some approximation processes of analysis, Real Analysis Exchange 25 (1999/2000)
501–512.
[6] M.I. Ganzburg, Strong asymptotics in Lagrange interpolation with equidistant nodes, J. Approx. Theory 122 (2003) 224–240.
[7] M.I. Ganzburg, M. Revers, A note on Lagrange interpolation for |x|α at equidistant nodes, Bull. Austral. Math. Soc. 70 (2004) 475–480.
[8] T.M. Mills, S.J. Smith, On the Lebesgue function for Lagrange interpolation with equidistant nodes, J. Austral. Math. Soc. (Series A) 52 (1992) 111–118.
